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An algorithm is presentea which permits automatic computation of
transfer functions given a Mason signal flowgraph description of a
system. Specifically, the path sets and loop sets corresponding to
the numerator and denominator terms of Mason's gain formula are calculated
from the non-oriented incidence matrix A and the fundamental circuit

matrix B of the flowgraph.

f
First order loops of the flowgraph can be found by performing row

sum operations on the rows of Bmf and retaining only the non-redundant

rows in which all non-zero elements have the same sign. The fi:st-order

loop matrix Ll’ the kth-order loop matrix Ly, and the loop aajacency
matrix éfk are defined. It is related that Jfk can be found from I“k
' T A
. . L = = . . N .
through the equation X Lk Y SN where.g Am Am Ll’ ail mgtrlx

operations being performed in.Boolean algebra.

From the foregéing relationships matrices Ll’ L2, vy Ln’

which
represent loop sets corresponding to all denominator terms of Mason's
gain formula, can be systematically generated. Terms corresponding to
the numerator expression can be found by applying the same procedure to
a modified flowgraph. In the algorithm only the modified flowgraph is
employed since it develops that the procedure for calculating the
numerator terms from it sutomatically provides the denominator terms

as well.

In the summary, the proolem is obteined, basic deflnltlons and the
algorithm are stated, and an example of its use is presented. Finally,
the efficiency of the algorithm in terms of arithmetic and memory
requirements for digital computation is discussed.

¥This work was supported in part by the National Aeronautics and Space
Administration, Grant No. NGR-05-017-012.
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SUMMARY
1. INTRODUCTION '
Mason's flowgraph tec?nnque [1](2] as applled to the derlvatlon o1
system transfer functions, has in the past depended upon inspection

of the flowgraph for solutions. This paper presents an algorithm whicl

enables use of this technique by digitsl computer.

Given the flowgraph description of a system, the technique provides

an overall gain G where, 1

EGkAk
_ k
G = T 5
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Gk = gain of the kth distinct forward path from source to sink;

| | > 3
= - ! + - LY - ’
A 1 % Py % Pro g Pu3 * + (-1) % pmj ’
% . : :
P, = 1oop gain (pyoduct of all the branch gains around a loop);
Puo = product of the loop gains of the mth set of two non-touching
loops;

pmJ = product of the loop gains of the mth set of J non-touching loops;

Ak = the value of A for that part of the graph nov touching

the kth forward path.

Since the calculation of the lobp- and path-gains is straightforwarad
. once the ioops and paths are identified (as edge .sets), the paper is
concerned principally with the topological aspect of solving the flowgraph

gain, that is, finding the loops and paths themselves.

#

Administration, Grant No. NGR-05-017-0l12.

Use of terms "loop" and "path" implies that both are unidirectional.
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2. DEFINITIONS

It is assumed that a flowgraph T is given of e edges (i.e. branches)
and v vertices (i.e. nodes or "variables").

o as t .
Definition 1. A k h—order loop set is & set of k non-touching loops.
Each loop within the set is a kth-order loop.

Definition 2. The loop matrix L of T has e columns each corresponding

to a distinct edge in' I' and rows each correspondlng to a dlstlnct loop in T
the (i,3)-element of L. "is & "1" if the it? loop includes the J'PB edge and

. N . 1
is "0" otherwise.

Definition 3. A kth~ordér loop matrix L of T has e columns each:

corresponding to a distinct edge in T and rows each correspondlng to a kth

order loop set in T ; the (i,j)-element of Lk is a "1" if the ith loop

set includes the jth edge and is "O"- otherwise.

Definition 4. The ko0 loop adjacency matrix ‘zk is a matrix each row of

which corresponds to a k h—order loop set of ' and each column of which
corresponds to a first-order loop of T . The (1,j) element of I, is "1"

when the 1t loop set of order k touches the J flrst-order loop and is
"0" othervise.

(4]

corresponding vo the vertices of T and columns corresponding to the

Definition 5.

—..c non-oriented incidence matrix Am of T has rovs

edges of T . The (i,j)-element of A is "1" if the jth edge is incident
L

to (i.e. "touches") in the i'P vertex and is "0" othervise.

Definition 6.[h] The oriented f-circuit matrix Bmf of T has rovws

corresponding to the fundamental (f-) circuits of T and columns
corresponding to the edges of T . The orientation of each f-circuit is
chosen in the clockwise sense. The (i,j)-element is "+1" if edge J 1is in
f-circuit i and in the same direction as the circuit; is "-~1" if in the i
f-circuit but in the opposite direction, and is "0" otherwise.

th

3. ALGORITHM FOR FINDING THE LOOPS AND PATHS IN THE MASON SIGNAL FLOWGRAPH

(5]

The following Theorem and Lemma whlch are stated without proof
comprlse the algorithm of this paper.

THEOREM. Given a connected Mason flowgraph G of e edges and v
vertices, the loop and path sets corresponding to Mason's gain formulsa
for the gain- Giﬂj from vertex® i to vertex J can be determined through

application of the following steps:
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Step 1 Form tHe graph G' by adding to G the edge e' (of unity
gain) directed from vertex 'j to vertex i .

Step 2 =~ VWrite the non-oriented incidence matrix Am and the oriented

f-circuit matrix B for the graph GA .

f
Step 3 ~ Torm Ll using the steps outlined in the Lemma (velow).
Step 4 ~ Form the (Boolean) product-§ = AT . Am . Li .

Step 5 -~ Starting with k = 1, calculate the (Bpolean) product

m
L =1 =[] .

k k ij th

Evaluste all ﬁij’ and where iij = 0 add the i~ row of Lk
to the Jth row of Ll and let the sum form a row of a new matrix

1 . [ . ’ N L]
Lk+l . Remove all redundant rows Qf Lk+l and let the remaining

rows form Lk+l . Continue this process until a matrix Jﬁn is

. " calculated which contains no "0" elements.

Step 6 - List (or store) matrices L,,L,s-0+,0  found in step 5. For each

row of each matrix examine the column representing e' . If the

element value .is "1", the other "1" elements in the corresponding
row denote a path-and loop set for the numerator term of Mason's
gain formula for G . If the element value is "O", the "1"

element values in the corresponding row denote & loop set in
the denominator term of the gain formula. Such examination of
all rows (of all matrices) provide all the numerator and

. denominator terms.

LEMMA, Ll is obtainable from Bm

' Stép 1 - Systematically perform'all possible row~sums on rows of Bmf

£ through application of the following steps:

retaining only those sums containing either all "+1"s or all “"-1"s,

Let these form rows of a new matrix Li .

Step 2 - Remove signs prefixing elements in Li- thereby forming Ll" .

1 thereby forming L

Step 3 =~ Remove redundant and edge disjoint rows of L L

*

A row-sum of two rows r, and r, of B . is the sum of + r. and r, such that
1 2 mf -1 2

the resultant row contains entries that are "+1", "-1" or "0". Thus it is

sometimes necessary to multiply a row of B . by -1 before adding it to

another row to form the row-sum, since entries with value "2" are not
permissible.



L, EXAPLE
The following example serves to illustrate the alporithm.

Example: Given Gm‘ as shown in Fig. 1. We wish to find terms for 61*3 .

Step 1 - Add e' to fqrm G - (Fig. 2)

Step 2 - Torm Am and _Bmf:

12345678 12 3 4L 5 6 7 8 et
1fr0000001121 O+l 4 0 0 0 O O O
21111100000 +1 0+l 0 0 0 O 0+

A =31011000111 Br= |*1 041 0 0 0 0-1 0
L10001112000 0 0~1+1 -1 0+1L 0 O
5000011100 0 0 0 0+1+41 0 0 0
Step 3 -~ Form Ly (Lemna)
| 12345678 e
po 01100000 0]
zé' 101000001
z3 000011000
L= ¢, (000000011
Step b - Form 25 010101100
LT, T £,1100101101
£=A <A -L) | g L gt
_ (Boolean)
Step 5 - For k =1 calculate ,’Cl - and L2 H
1 2 3 ks 6 .
2 1 1 0 1 1 1]
2, (11 001 1 1 .
. ]
. i 0 01 011 23fo01 1 0110 0 0
=L eE=. ' L.= &'f1 01 011 0.0 O
1 20201 01 11 2 2? 0 0011011
£ (1 ‘1 1 1 1 1 . 73 ,
gl 111 1 1
For KB e L g [rr1111
2 2 111111
lr11111

The process terminates since cﬁg has no "0" entries.

Loop sets (obtained from the rows in the above matrices) for the denominator
and nwierator terms in Mason's gain expression Gl+3 are shown in Figs. 4 and

p respectively. The reader can‘verify that these are all the loops sets for
the graph.

S



5, CONCLUSIOKS

The algorithm given by the Theorem and the Lemma provides a machine
programmable means for determining the paths and loop sets that are
necessary to implement Mason's gain formula. The reader can easily verify
that the numerical and/or symbolic expressions of the gain formula can be
obtained at once from matrices L_,L ,...,L and a listing of the branch
galn values for the flowgraph. 2

In terms of computer arithmetic and memory requirements the algorithm

is very efficient: (1) except for the formation of Ll all arithmetic

opérations are in binary arithmetic (as contrasted to symbolic methods
empolying Boolean algebra); (2) storage requirements are minimal. For

example, Bf can be eliminated after forming- Ll H A can be eliminated

after forming £ . Similarly, each dﬁk can be elimina ted after forming L .
Consequently, con51der1ng Ll’L ,...,L as being the solution, working

memory is conveniently confined to £ and the current value of‘dfk
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